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ABSTRACT 
Matrix convexity of the inverse function is an old result. Here we give two reverse 
forms up to a multiplicative constant of the convexity inequality. 
Let A and B be two complex Hermitian positive definite matrices, and 
let 0 =G A < 1. Then 
[AA + (1 - h)B]-’ Q AA-’ + (1 - A)B-‘, (1) 
where A > B means that A - B is a positive semidefinite matrix. 
* The contribution of this author was made when he was a visitor at La Trobe University, 
Melbourne, Australia. 
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This result, i.e.,matrix convexity of the inverse function, is an old one that 
appears explicitly in the papers [l, 2, 6, 7, 91 (see also the books [3, pp. 
554-5551 and [5, pp. 469-4711). In this note, we prove a number of converses 
of (1). 
Similarly to the proof from [6], we use the following [4, pp. 465-4661: 
LEMMA 1. Let A be a positive definite Hermitian matrix and B a 
Hermitian matrix. Then there exists a (real) nonsingular matrix Q such that 
A = QQ*, B = QDQ*, 
where D is a diagonal matrix whose diagonal elements ki are real and are the 
solutions of the equation 
det( B - PA) = 0. (2) 
Zf, moreover, B is positive (semiM&zite, then the ~~ are positive (nonnega- 
tive). 
THEOREM 1. Let A and B be two complex Hermitian positive definite 
matrices, and let 0 < A < 1. Then 
[AA + (1 - h)B]-’ > K[AA-’ + (1 - h)B-‘1, (3) 
where 
K = 4 min 
Pi 
i (1 + /_# 
and the pi are the solutions of (2). The constant K is best possible. 
Proof. Applying the lemma in our case, we have as in [6] 
AA + (1 - h)B = Q[hZ + (1 - h)D]Q* = QE*Q*, 
where Q is a non-singular matrix and 
(4 
D = diag( pl,...,cL,) (pi > Ofor 1 < i < n). 
E, = AZ + (1 - A)D. 
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Notice that D and Eh are nonsingular, all diagonal elements of each matrix 
being positive. 
Put P = Q-l. Then 
A-’ = (QQ*)-’ = (Q*)-~Q-~ = (Q-I)*Q-1 = p*p, 
B-’ = p*D-‘p, (5) 
[AA + (1 - A)B]-’ = P*E;‘P. 
Now we find that 
[AA + (1 - h)B]-’ - K[AA-’ + (1 - A)B-‘1 
= P*E,-‘P - K[ AP*P + (1 - A)P*D-‘P] 
= P*[ EL’ - KAZ - K(l - A)D-‘]P 
= P*RAP, 
where R, = EAp ’ - KAZ - K(1 - A)D-’ is a diagonal matrix. But the iith 
element of R, is 
tRh)ii = ’ A + (1 - A)pi - KA - K(l - A);. t 
Now, we shall show that each (RAji, is nonnegative. We start from the 
well-known Kantorovich-Hermite inequality 
where 0 < rn Q a, < M, wi > 0 (i = 1,. . . , n), ki = 1. For TI = 2, m = ~1, 
M = a2 (or m = a2, M = a,), w1 = A, w2 = 1 - A, we have 
[Aa, + (1 - A)a,] A; + (1 - A); 
(% + 4 
4a,a, ’ (6) 
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Further set a, + 1, a2 + pi. We get 
[h+(14)pi](h+(l-h)~) < (1;pr)2 (7) 
I I 
(which we can prove directly without using the Kantorovich-Hermite inequal- 
ity), i.e., 
[A + (1- A)&]-l>/ 4Pi 
(1 + /4J2 ( 
h + (1 - “)i 
t I 
&K *+(1-q;. ( t I 
So it is obvious that (RAjii z 0. It follows readily that P*R, P is positive 
semidefinite. To see that this result is best possible note that the P*R,P will 
not be positive semidefinite if, for some i, (Rhjii < 0, since in that case it is 
possible to find an x such that x*P*R,Px = (RAjii < 0. 
However, as is known (or can be seen by a simple calculation), (6) and (7) 
hold as equalities for h = i. Thus, for this A, any larger K than that given by 
(4) will result in a negative ( Rhjii. ??
REMARK. Let p1 = min pi and p,, = max pi. Then, we have that 
K = 4min 
i 
EL1 CL” 
i (1 + /-Q2 ’ (1 + P”Y * 
We now give another reverse form of (1). 
THEOREM 2. Let A and B be positive definite Hermitian n X n matrices. 
Then 
[AA + (1 - h)B]-’ - [AA-’ + (1 - h)B-‘] 2 ti-‘, (8) 
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where 
i = min  (fi - Ii2 
i -Pi 
(9) 
and the pi are the solutions of Equation (2). The constant Z? is best possible. 
Proof. As in the proof of Theorem 1, apply the lemma to obtain (5). 
Now 
[AA + (1 - A)B]-’ - [AA-’ + (1 - h)B-‘] -Z&-l 
= P*E,-‘P - [ hP*P + (1 - A)P*D-‘P] - Z&‘*P 
= P*[E;’ - [AZ + (1 - A)D-‘] - ti]P 
= p*s,ZJ, 
where S, = EA_’ - AZ - (1 - A)D-’ - Z?Z is a diagonal matrix. But the iith 
element of S, is 
- A - (1 - A); - k 
1 
we now show that each (s~)~~ is nonnegative. We start with the following 
inequality of Shisha and Mond [8I: 
2 wiai - ( i wiaF1))’ < (&G - J;;t)“, 
i=l i=l 
where O<m<ai,<M, wig0 (i=l,...,n), Crzlwi=l. For n=% 
m = aI, M = a2 (or m = a2, M = a,), w1 = A, w2 = 1 - A, 
ha, + (1 - A)a, - At + (1 - A): -l < (JE;; - 6)‘. (10) 
Now, setting a, + 1 and a2 -+ II,-‘, we get 
A+(l-A)$- 
t 
(A+(l-A)~i]-1+$=)2, (11) 
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i.e. 
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1 
A + (1 - A)/_$ 
-*-(l-h)-+- 
(6 - 112 ~ i 
t Pi 
Thus (SA)ii > 0. Jt follows that P*S,P is positive semidefinite. 
To see that K is best possible, note as in [SJ that equality holds in (10) for 
A = [l + (u,/u,>‘/“]-’ and thus in (11) for A = (1 + pt/2)-1. Hence for 
this A, any larger K will result in a negative diagonal element (Shjii. ??
COROLLARY. Equation (8) can be written as 
[AA + (1 - A)B]-’ - [AA-’ + (1 - A)B-l] 2 z?Y-‘I, 
where y is the largest eigenvalue of A. 
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